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Abstract This paper considers the value iteration algorithms of stochastic zero-sum linear quadratic
games with unkown dynamics. On-policy and off-policy learning algorithms are developed to solve the
stochastic zero-sum games, where the system dynamics is not required. By analyzing the value function
iterations, the convergence of the model-based algorithm is shown. The equivalence of several types
of value iteration algorithms is established. The effectiveness of model-free algorithms is demonstrated

by a numerical example.

Keywords Approximate dynamic programming, Stochastic zero-sum games, Value iteration.

1 Introduction

The zero-sum game is an important type of game, describing the decision-making process
of two players [1], where one player’s gain is equal to the other player’s loss and hence the
total gain/loss for both players always equal to zero. This type of game is widely used in
the real world, such as economic competition, military strategy, sports competitions, and so
on. Zero-sum games are closely related to H., optimal control [2], which is a robust optimal
control method that relies on solving the Hamilton-Jacobi-Bellman (HJB) equation or the
Riccati equation. For nonlinear systems, one requires to solve the HJB equation, while for

linear systems, it is generally needed to solve the Riccati equation [3].
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In recent years, there has been tremendous interest in reinforcement learning. Approximate
dynamic programming (ADP) is a typical class of practical reinforcement learning methods for
obtaining the optimal control solution without the knowledge of system dynamics [4]. The ADP
method was proposed by [5], [6] and others, which aims to determine the optimal control solution
by finding an approximate value function. Compared with traditional dynamic programming,
ADP can circumvent the intractable computational problems [7].

For ADP, the iterative procedure involves two parts: the policy evaluation and the policy
improvement [8]. In general, ADP can be divided into value iteration [9] and policy iteration [4].
For policy iteration, the iteration starts with a stabilizing initial control, while value iteration
can be initiated with an arbitrary policy [10]. The convergence of the value iteration method
was discussed in [11]. When the iteration sequence begins with a zero initial value function, it
will converge to the optimal performance index.

Most policy iteration and value iteration methods require some knowledge of the model
parameters. Accurately determining the model parameters is a challenging and time-consuming
process, especially in a complex environment. Consequently, model-free methods have been
proposed and applied for solving the problem in an uncertain environment (e.g. [12], [13], [14]).
In practice, it is widely applied in complex situations, like handling variable road conditions
in autonomous driving. In [4], the learning algorithm is implemented only using measured
input/output data of the system. In [15], the policy optimization methods are developed to
obtain the Nash equilibria. A novel policy iteration approach was developed in [16], which solves
the algebraic Riccati equation using the online information. In [17], an off-policy algorithm is
proposed using real data.

The work mentioned above mostly focused on deterministic models, which have already
been widely studied and applied in numerous fields. However, due to the inherent uncertainty
and complexity of stochastic systems, different methods are required to be developed. In this
context, model-free reinforcement learning has gained popularity for stochastic systems, as
it avoids model bias issues [14]. In [18], [19], the ADP algorithm is developed to solve the
stochastic optimal control problem, which focuses on the dynamically perturbed stochastic
systems. [20] designs a reinforcement learning method to solve the continuous-time stochastic
linear quadratic problem, where the performance is simulated by computing the average value
based on multiple sample paths.

However, there are few related works regarding the design of ADP methods for discrete-time
stochastic systems.

The main contribution of the paper includes the following two-fold:

e In this paper, two model-free value iteration algorithms are developed to solve the discrete-
time infinite-horizon stochastic zero-sum linear quadratic games, without using system

dynamics information.

e The convergence of the value function iterations is first presented for the model-based
value iteration algorithm, and then the convergence of the model-free algorithms is given

by establishing the equivalence of model-based and model-free value iteration algorithms.
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The equivalence of on-policy and off-policy model-free value iteration algorithms is further

shown.

Notation. For matrix X = (2j)nxn, tr(X) is trace, diag(-) represents a diagonal matrix.

&

a T
vech(X) = [T11,Z12, ooy T1ns 22, T23, ooy Te1,n, Tnyn) - 5 VeCS(X) = (@11, 2212, ..., 2T15, To2, 2T23, ...

2%p—1,n, Tnn) - L is Banach space.

2 Problem Formulation

Consider a discrete-time stochastic system as follows:
Tp+1 = Axg + Bup + Cwi + (Dxg + Fuy + Fwg)dy, (1)

where zp € R" is the state, ux € R™, w; € R™2 are the control input and disturbance input,
respectively. dj, € R! follows the standard normal distribution. The matrices A, B,C, D, E, F

have proper dimensions. The associated cost function is given by

o0

J(xp) =Y r T Ele(xs, ui, wi)), (2)
i=k
where 7 is discount factor. c(z;, i, w;) = 27 Rx; + ulu; — v wl w;.
The zero-sum game problem is to find proper uy; and v to minmax the cost function (2).

Thus, the value fuction is given by

V(z) = minmax J(zy), (3)

Uk Wk

According to Bellman’s optimality principle [4], [14], the value function may be determined
using the HJB equation

V(zk) = min max Ele(xg, ug, w)] + 7V (xg41)- (4)

up  wy
Lemma 2.1 The value function can be rewritten as
V(xy) = E(x} Pry). (5)
where P > 0 satisfies the algebraic Riccati equation (6)
P=R+7rA"PA+rD*PD — [r(AYPB + D*PE) r(A"PC + D" PF)]

-1
I+r(B"PB+ ETPE)  r(BTPC + ETPF) r(BTPA+ ETPD)| (6)

r(CTPB + FTPE) r(CYPC + FTPF) — 421 r(CTPA+ FTPD)
Proof Since

E(ztyy Prps1) = E[E(x) ) Prpyr|or)]

—E [xf[(A + BL + CK)'P(A+ BL+ CK) + (D + EL + FK)'P(D + EL + FK)]xy|,

https://mc03.manuscriptcentral.com/jssc
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we have
rE(z} . Pxyt1) — E(zf Pay)

= —El2}(R+ L'L — v*KTK)x}]
= — Ele(xg, ugk, w)].

This can be written as
Ele(wg, ug, wg)] = E(zf Pxy) — rE(zf, | Prii1). (7)

Substituting (7) into (3) results in

Vo) = 3 r Ele(rs s, ws))
i=k

= E(z} Pxy) — lim r'E(2v},; Pryi;)
71— 00

= E(zi Pxy).
|
The corresponding Hamiltonian function is defined as
H(zy, L, K) = E[c(zk, ug, wy)] + 7E(z},  Pryi1) — E(zf Pxy).
By the first-order necessary condition for optimality [14], we obtain the minimax gains
L=[I+r(B"PB+ ETPE)—rC*PB x (r(CTPC + FTPF) — +*)~'+BTPC]|™!
x [-rBTPA+rCTPA(r(CT PC + FTPF) — +*)"'rBT PC], ®

K = [r(CTPC + FTPF) —+?> —+rBTPC(I + r(B*PB + ET PE))"'+C*PB]| !
x [-rCTPA +rBTPA(I + r(B' PB + ETPE))~"'+CT PB].

The saddle-point policies can be determined by
Ug = ka;
W = ka.
Remark 2.2 The Riccati equation (6) can be expressed as the Lyapunov equation (9)

P=R+L"L-+*K"K +r[(A+ BL+CK)"P(A+ BL+ CK)

+(D+EL+ FK)'P(D+ EL + FK)). ®)

Inserting the minimax gains (8) into (9), we get the Riccati equation (6).

The existence of a solution to the zero-sum games is guaranteed by Theorem 2.1 of [21].
Assume (C, A) is detectable and (A, B) is stabilizable. Then the two-person zero-sum games
exist solution if and only if I —C*[LPy + Pi"L£* — Py" £* Mo LP,]C > 0, where P is the positive
definite solution when wy = 0, and T* is the conjugate transpose of T. Here, the operators £
and L* are defined as follows: (Lf)(t) = [~ e =D f(s) ds, (L*f)(t) = fot eF'(t=9) () ds.

https://mc03.manuscriptcentral.com/jssc

Page 4 of 16



Page 5of 16 Journal of Systems Science & Complexity

oNOYTULT D WN =

A TEMPLATE FOR JOURNAL

We now turn to develop the model-based value iteration algorithm, including policy evalu-

ation

P(’L) =R 4 (L(ifl))TL(ifl) _ ,YQ(K(ifl))TK(ifl)
+r[(A+BLOY oK NT pl-D (44 BLO-D 4 0K (Y)
+ (D4+EL Y4 FERENT pi-D(D4y pLO-D 4 pEE-D)),

and policy improvement
I+ r(BTPOB 4+ ETPWE) r(BTPOC + ET PO F)
r(CTPYOB+ FTPOE)  p(CTPOC + FTPOF) — 42

LG+ —r(BTPWA + ETPWD)
KO+ —r(CTPWA+ FTPYD)

(10)

(11)

Algorithm 1: Model-based value iteration

Input: Initial state zg, simulation stop time k.4, €.
Output: The estimation of minimax gains E, K.
Initialization:i = 1, LM, KM

=

2 fori=2:k.q do

3 Obtain P according to (10).

4 | Update LU+D) | K+ as (11) or (8).

5 | if [[L0H) — LO)|| < ¢ and ||[KOTD — K| < ¢, then
6 Break

7 else

s | | i=it+1

9 end
10 end

1 L=L0) K = KG+D

The convergence of model-based value iteration (Algorithm 1) is given in the following

lemma.

Lemma 2.3 Assume that there exist 1 < 8 < 00, 0 < m <1, and1 < m < o
such that 0 < rV*(xg41) < BE[c(zk, uk, wr)] and 0 < mV*(zy) < Vo(ag) < mV*(xi). The
sequences {L;},{K;},{Vi(:)} are iteratively updated using the model-based value iteration algo-

rithm. Then, the value function V;i(-) converges towards V*(-) according to the ensuing set of

e [1 + M] V* (@) < Vi) < [1 + % ] v

Then,
lim V(xg) = V*(2), lim L; = L*, lim K; = K*.
1— 00

1— 00 1— 00

https://mc03.manuscriptcentral.com/jssc
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Proof Since 0 < rV*(xgy1) < BE[c(zk, uk, w)] and 0 < mV*(zy) < Vo(ag) < mV*(z),

we have

B BleCoi )] ()} <0
1

3\

T LBl n, )] = 1V (@) } 2 0

For i = 0, (12) holds. Let i =1,

[C(xkv Uk, wk)] + TVO(QI}k+1)
< E[C( kaukawk)] + va*(l’k+1)
Elc

(ks uk, wi)] + TV (Ths1)

+ l{ [e(xg, ug, wg)] — V™ (xk+1)}
B

= {E[ (g, ug, wg)] +rV* ($k+1):|

Suppose for i = j — 1, j =1,2,3, ..., the conclusion still holds, i.e.

m—1

Vj—l(mk) < [1 + W

Then, for ¢ = j, one has

‘/J(‘/Bk) = E[C(xk7ukuwk)] + T‘/jfl(karl)

< Ele(zy, ug, wy)] + 7 {1 + (1473_1)“} V(1)
< Ele(wp, ug, wy)] + 7 [1 + (1+m5_1)al] V* (k1)
O {Bleton, ues )] = V" (s}

= -1 + W} Ele(xk, uk, wi))

e g e - ] Ve
_ i M} [Ele(a, ug wi)] + 7V (25.1)
= [+ | Ve

The right hand of the inequality (12) is proved.
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As for the left hand of (12), let i =1,

Vi(zg) = Ele(zg, ug, wi)] + rVo(xg+1)

[c
> E[C(xlﬁ Uk, wk)] + TmV* (xk-‘rl)
> Ele

(xk?uk:a wk)] + va*(xk+1)
+ %T_Bl{ﬁE[c(xkﬂukvwk)] - TV*($k+1)}
_1+mfp

=T33 []E[c(x;C7 g, Wi )] + rV*(ka)}

m—1
1+ 471
Suppose for : =j — 1, j =1,2,3, ..., the conclusion still holds, i.e.

} V* (zp).

m—1
‘/j—l(mk) > |:]- + W
Then, for ¢ = j, one has

Vj(@) = Elc(zr, ue, wi)] + rVi-1(ze41)
m—1
> Ele(zg, ug, wg)] + 7 [1 + W] V*(zpa1)
> Ele(zg, ug, wg)] + 7 [1 + m—ljl] V*(2gt1)

(1+871)
(m—1)5""!

+ e { ARl e )] =V )}

(m—1)p

W ]E[C(xk-, Uk, U/k-)]
(m — 1) (m—1)p7~"

(L+p1)t (1+8)
m—1 *

W} [E[c(mk,uk,wk)] +rV (xk+1)}
m—1

=|1+—— |V .

T B—l)ﬂ} o)

The left hand of the inequality (12) is proved.
By taking the limit of inequality (12), one has

lim { [1 + m_l)z] V*(xk)} = V*(zp),

+
<

[1 + } V*(Tr41)

i—00 (1 + ﬁ_l
Therefore, lim; o V;(xr) = V*(xr). Combining V*(zx) and the limit of (11), one has Lo, =
L*, Ko, = K*. This completes the proof. |

Remark 2.4 Lemma 2.3 is proposed for stochastic situations. A similar result was pro-

vided by [22], which is used for the deterministic nonlinear systems.

https://mc03.manuscriptcentral.com/jssc
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3 Model-free On-policy value iteration Algorithm
Define the Q-function

Q(zr, up, wy) = Ele(wr, ug, wi)] + rV (xr11), (14)

or more compactly as
Q (g, up, wy) = E(2{ Hzy), (15)

Hyw How How r(ATPA+DTPD)+R r(ATPB+DTPE) r(AT PCc+DT PF)
where 2z, £ [2F ul wl", H = {Hw Hyu HW} £ [ r(BTPA+ETPD) r(BTPB+ETPE)+I (BT PC+ETPF)

Hye Huw Hyw r(CTPA+FTPD) +(CTPB+FTPE) —+2+r(CTPC+FTPF)
According to the first-order necessary condition for optimality [14], one has

L= [(Huu+Hp,) = (Hyy+ Hou) (Huw+Heyy) ™ (Hepy + Huw)) ™
X [(Hyoy+ Hua) (Huw+Hepy) ™ (Huw+Hy,) — (Hue+HJ)J,
K = [(Huww+He,) = (Hpy~+ Hyw) (Huu+ Hep, ) ™ (Hopy 4+ Hopu))
X [(Hgo+ Huz) (Huu+ Heyy )™ (Hopyy + Hou) = (Hpy+ Hug)).

(16)

From (16), the iteration can learn the minmax gains without relying on the knowledge of system
dynamics. Next, we develop a model-free value iteration method to learn the Q-function (i.e.
the H matrix):

Q(Hl)(zk, ug), w,(;)) = Elc(z, ug), w,(j))} + TQ(i)(l‘k_H, u,(f), w,(j)). (17)

Note that there is no need to solve the Riccati equations or Lyapunov equations in each iteration.

Define the following iteration, including policy evaluation
E(vech(z,(:)(z,(j))T))Th(i“) = E(c(xk,u,(f),w,(j))) + (rE(vech(z](f:)_l(z,gl)T)TDh(i), (18)
and policy improvement
LOW = [(HED+HUD) = (HED +HED) (HED + 1D )™
X (HGD" -+ HED) G+ D) (HGD + B )™
X (HGD+HED) = (HED+HED ),
KO = [(HED + HEDT) — (D + HED) (G + 1)
x (HGED" 4 HED) G 4 HED) (HED + BT

u

x (HGED + HED) — (HED + HE)),
Then, the iteration of policy evaluation can be rewritten as
E(@N TR+ = E(Y ) + (rE(CTJ(i))T)h(i),

where ‘ . .
,(;) = vech(z,(;)(z,?))T),

09 = 40,60, ... ),

&0 = [0, 61", ... 6%,

Y(l) = [C(x07 u(()i)v wél))v C(xlv u(li)v wgl))a ey C(xNv uS\if)v wg\?)}

https://mc03.manuscriptcentral.com/jssc
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Using the least squares method, we have the estimate of k(")
. ) . -1 . . ~. .
G+ = (IE(@(”)IE(@(”)T) E(®®) [E(Y“)) n (rE(é(l))T)h(l)}. (20)

The model-free Q-learning value iteration algorithm is concluded in Algorithm 2.

Algorithm 2: On-policy model-free Q-learning value iteration

Input: Discount factor r, least squares data volume N, xg, keng, €-
Output: The estimation of minimax gain E, K.

1 initialization: ¢ = 0, Lg, Ko, ho = v(Hy) =0,

2 for k=1:k.q do

3 Collect sample points for batch i (N sample points per batch).
4 Policy evaluation:
5 Estimate h(*) according to (20).
6 HO = f(h®).
7 Policy improvement:
8 Use H) update LU+ KO+ as (19).
o | if [|[LOY) — LO)|| < ¢ and ||[KOHD — KO|| < ¢, then
10 ‘ Break
11 else
12 | | i=it1
13 end
14 end

15 L= JAGER K = K@+

The equivalence between model-free on-policy value iteration algorithm and model-based

algorithm is given in the following theorem.

Theorem 3.1 Assume that there exists a positive definite solution to the ARE (6). Then,
the model-free on-policy value iteration algorithm (Algorithm 2) and the model-based algorithm

(Algorithm 1) are equivalent.
Proof Combining (4), (5), (14), and (15), we can obtain

E(zf Hzy,) = E(xl Pxy), (21)
By vectorization, (21) becomes
Elvech(zpal )] vecs(KTHEK) = E[vech(zat )] vees(P),

which can be written as
KTHK = P, (22)

where vecs(X) = [z11,2T12, ..., 2T15, Tag, 2Ta3, ...,2xn_17n,xn7n]T,[~( L2 LT KT,

https://mc03.manuscriptcentral.com/jssc
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Taking (17), (5), (14), and (22) into consideration, we have the following iteration equaiton
E((z)" HO 27 = Ele(an, uy, wi)] + rE(52) " HO 2. (23)

From (23), we have (18). Thus, the iterative equations (18)-(19) and (10)-(11) are equivalent.

The proof of the theorem is now completed. |

Remark 3.2 Notice that in Theorem 3.1, the equivalence of the model-free on-policy
value iteration and the model-based value iteration is shown. By Lemma 2.3, we can obtain

the convergence of model-free on-policy value iteration algorithm.
4 Model-free Off-policy value iteration Algorithm
For the off-policy situation, the Q-function is defined as
Q(‘rka uOff7 wOff) = E[C(xk, UOffv wOff)] + Tv(xk+1)7 (24)

where u°ff w°ff are the arbitrary behavior policies. When the policies are optimal, we have
the optimal Q-function

Q* (Ika UOff7 wOff) 2 Q(u*,w*)(zka uOffa wOff)a

which can be written as

Q(i) (1, uOff7 wOff) _ E[c(:ck, uOff’ wOff)] + P @ (Tp41)
[e(xg uf7, woff)] + rE(J:erlP(i)ka) (25)

where zj, £ [zF u°lf T wols T]T. Additionally, the value function is equal to the Q-function [9],

we get
T
x x
E("PW2) =E( |u®(z)| HY |u®(2)]),
i.e.
T
I I
PO — ( L® H® L® ) (26)
K® K@
Combining (17), (5), (24), and (26), one has
T
Th+1 Th+1
E(ZZH(”l)zk) zE[c(xk,uoff,woff)]—i—TE( L(i)Ik-H H® L(i)$k+1 )
KWy KOz 4

https://mc03.manuscriptcentral.com/jssc
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This can be written as

Th+41 Tr+1
Efvech(zizf )T = Ele(zg, u®F ,w )] +r Elvech( | LOzjq | | LOzjeq | )]TRO.
KOz g | | KDz
(27)
We use the arbitrary behavior policies to generate enough data points and collect them. By

(27), we can obtain
E(q,(i))Th(H-l) - E(y(i)) + E(\Il(i))Th(i),

where ‘
qzﬁ,(;) = vech(zkz,?),
Tk+41 Th41

Tﬁ;(;) =rvech(| LDz | | L2410 | ),

KOz | [KOzpyy
@ = (6, 61", ..., o],
g — [w(()i)’ gi)7._.7¢](\1})]’
y® = [e(xo, u‘)ff,woff),c(asl,u"ff,woff), - c(xN,u"ff,w"ff)].

The estimate of h(!) can be computed with the following least-square scheme
) ) ) -1 ) . . .
R+D = [E(cp@)E(cI)(”)T] E(3") [E(Y@) FE@OTRO] . (28)

The equivalence between the model-free off-policy value iteration algorithm and the model-
based algorithm is given in the following theorem.

Theorem 4.1 Assume that there exists a positive definite solution to the ARE (6). Then,
the off-policy value iteration algorithm (Algorithm 3) and the model-based algorithm (Algorithm

1) are equivalent.

Proof Combining (27) and (25), one has

T
I I

P(i+1):( L& | HO | o ). (29)
K@) K@)

Note that (29) is equivalent to (10). Then, the iterative equations (27)-(19) and (10)-(11) are
equivalent. This completes the proof. |

Remark 4.2 In Theorem 4.1, the equivalence of the model-free off-policy value iteration
and the model-based value iteration is shown. By Theorem 3.1, we establish the equivalence of
the model-free off-policy value iteration and the model-based value iteration algorithms. This
together with Theorem 4.1 implies the equivalence of the off-policy and on-policy model-free

value iteration algorithms.

https://mc03.manuscriptcentral.com/jssc
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Algorithm 3: Off-policy model-free Q-learning value iteration

Input: Discount factor r, least squares data volume N, xg, kena, €.
Output: The estimation of minimax gain Z, K.

1 initialization: ¢ = 0, Lo, Ko, ho = v(Hp) =0,

2 for k=1:k.q do

3 Collect sample points for batch i by behavior policy u®ff and w°ff (N sample

points per batch).

I

Policy evaluation:
Estimate h(") according to (28).
H® = f(h®).
Policy improvement:
Use H) update LU+ K0+ a5 (19).
if [|LOTY — LO)|| < € and ||[KOHY) — KO)|| < ¢, then
10 ‘ Break

© 0 N o o

11 else

12 ‘ i=1+1
13 end

14 end

15 E = L(iJFl), _[/(\' = K(iJFl)

5 Simulation Study

To demonstrate the effectiveness of the proposed algorithms in a stochastic case, we present

a simulation example that focuses on the design of the F-16 aircraft autopilot [9]. Consider a

system with following parameters: v = 1,7 = 0.001, R = diag (1,1,1),z0 = [10 5 —2]T]

T
B= [—0.00150808 —0.0096 0.867345} , C= [0.00951892 0.00038373 0

0.906488  0.0816012 —0.0005
A= 10.0741349 0.90121  —0.000708383
0 0 0.132655

By using Algorithm 1, after two iterations, we obtain

1.0016609406  0.0002862002  —0.0000009506
P* =1 0.0002862002 1.0016441664  —0.0000012947
—0.0000009506 —0.0000012947  1.0000351456

By Algorithm 2, after seven iterations, we have

https://mc03.manuscriptcentral.com/jssc
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0.9925631866  0.0385674270 —0.0160499187
P* = | 0.0385674270  0.9665930972  0.0305363862
—0.0160499187 0.0305363862 1.00016064817

By Algorithm 3, after seven iterations, we obtain

1.2180699288  —0.1239634402  0.0124082424
P* = | -0.1239634402  1.0695248090  —0.0080062414
0.0124082424  —0.0080062414  1.0002895411

These indicate that the proposed algorithms in this paper perform well.

The iterative result of the on-policy value iteration algorithm (Algorithm 2) is demonstrated

in Figures 1-2, including the state trajectories and the iterative curve of P;. Meanwhile, the

off-policy value iteration algorithm (Algorithm 3) is demonstrated in Figures 3-4. These figures

show that both Algorithms 2 and 3 are convergent.
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Figure 1: State trajectories (Algorithm 2).

The iteration step

Figure 2: The iterative curve of P; (Algorithm 2).
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Figure 3: State trajectories (Algorithm 3).

The iteration step

Figure 4: The iterative curve of P; (Algorithm 3).

6 Conclusion

In this paper, two model-free value iteration algorithms have been developed to solve the
discrete-time infinite-horizon stochastic zero-sum linear quadratic games. The convergence of
the algorithms is provided. By the model-free algorithms, two saddle-point policies are obtained
by using interactive data without system parameters. A numerical example is provided to

demonstrate the performance of proposed algorithms.
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